We investigate the magnetic property of the cold quark matter choosing the magnetic moment µ ′ as the order parameter. We compute the effective potential up to
Introduction
Several years ago, the possibility of existence of a quark matter in a ferro-magnetic phase has been pointed out [1] . Meanwhile, the possible discovery of a quark star [2, 3] has renewed our interest in this issue.
In [1] , through computing the energy density of a polarized quark matter, it is suggested that the Hartree-Fock state shows a spontaneous magnetic instability at low densities. The QCD coupling constant taken in [1] is α s (= g 2 /4π) = 2.2 and the quark mass is m = 300 MeV/c 2 . In this paper, we examine a possibility of the quark matter in a ferro-magnetic phase by choosing a magnetic moment µ ′ ∝ (e/m)ψ σψ as an order parameter.
The QCD phase diagram is sketched in Fig. 1 , where 'T ' is the temperature and 'µ B ' is the baryonic chemical potential. 'QGP' stands for the quark-gluon plasma phase, 'Hadron' stands for the hadronic phase and 'CSC' stands for several phases which include the color super conducting phases and the diquark condensation phases.
We are interested in the QGP phase near the phase boundaries and 0.6 GeV ≤ µ B .
In this region T << µ B , so that we ignore the effect due to finite T . Thus, the object of our concern is the quark matter with finite baryon-number density at zero temperature.
We have to introduce two kinds of cutoff and then the result depends on the ratio of these two. This is not particular to the present study but is a common feature in the study of effective potential for some order parameter (see, e.g., [4] ). We shall simply equate the two cutoff parameters (Sec. 3), for which we take the baryonic chemical potential µ B (Sec. 5).
The plan of the paper is as follows. We introduce in Sec. 2 the closed-time-path (CTP) formalism [5, 6, 7, 8] and derive the formula for the expectation value µ ′ under the existence of an uniform external magnetic field. In Sec. 3, we compute µ ′ up to O(g 2 ) of QCD to the leading logarithmic approximation. Then, performing the resummation of the leading contributions, we obtain the "resummed form" for µ ′ . We then compute in Sec. 4 the effective potential up to O(( µ ′ 2 ) 2 ), V ( µ ′ 2 ) =
is made in the range 0.6
GeV < µ B < 4 GeV. We find that V 4 is negative while V 2 is negative (positive) for
. Then, in the low-density region µ B < µ Bc , the quarks are in the ferro-magnetic phase while, in the high-density region µ Bc < µ B , potential barrier appears (V 2 > 0, V 4 < 0). For u, d, and s quarks, µ Bc = 0.641, 0.625 and 0.693 GeV, respectively.
We finally discuss the case of leptons and find that they are in the phase, V 2 > 0 and V 4 < 0. Sec. 6 is devoted to summary and outlook.
Preliminary
Throughout this paper, we adopt the leading logarithmic approximation,
Here, Λ is the cutoff parameter and µ B is the chemical potential being conjugate to the baryon number. The terms whose relative order of magnitude is O(1/ ln(Λ/m))
and
As the order parameter, we adopt one-half of the spin magnetic moment,
where and in the following the color index is suppressed. An argument for this choice is given in Appendix A.
Closed-time-path formalism
We use the closed-time-path (CTP) formalism [5, 6, 7, 8] , which is formulated by introducing an oriented closed-time path T 1 ⊗ T 2 in a complex time plane, that goes from −∞ to +∞ (T 1 ) and then returned from +∞ to −∞ (T 2 ). The field φ(x) with
The Lagrangian of a quark with some flavor readŝ
QCD is the interaction part ofL QCD . It is convenient to construct a (2 × 2)-matrix "propagator"Ĝ, the inverse of the kernel of Eq. (2), which is diagonal in a color space. For the purpose of later use (cf. Eq. (8)), it is sufficient to obtainĜ with
. Straightforward manipulation yields for the (i, j)-element ofĜ,
where
Here we have used a capital letter for denoting a four vector P = (p 0 , p) (p ≡ | p|) and
In the above equations, " * " does not apply to the Dirac gamma matrices and N(p 0 ) is the number density function,
Generating functional and the formula for µ
′
The CTP generating functional is defined [7] by
where A j (j = 1, 2) is the gluon field and ρ is the density matrix. An expectation value of the magnetic moment µ ′ is computed through [7] 
We aim at evaluating the effective potential
3 Computation of µ ′
0th order contribution
From Eq. (8), we obtain for the 0th-order contribution (L (int)
Straightforward manipulation using Eq. (6) yields, up to O( B 2 B),
Substituting Eq. (3) for G 11 in Eq. (9) and using Eq. (10), one can compute µ ′ .
We divide µ ′ into two pieces,
) stands for the contribution from the vacuum (matter) sector. µ ′ vac is given by Eq. (9) with G F for G 11 (cf Eq. (3)). Thanks to the O(3, 1) symmetry, in Eq. (10), the replacements, p 2 → −3P 2 /4 and p 4 → −5(P 2 ) 2 /8 may be made. Thus we obtain
In the second term on the right-hand side (RHS), we have dropped the terms that are proportional to m 2 (e q /4m) 4 and m 4 (e q /4m) 4 , the contribution of which is nonleading in our approximation (cf. Eq. (1)). Introducing a momentum cutoff Λ, we have
with which we obtain the first terms on the RHS's of Eqs. (28) and (29) below.
For µ ′ mat , we obtain
Here the terms that are proportional to m 2 (e q /4m) 2n and m 4 (e q /4m)
have been dropped, which yield the subleading contributions.
O(g
Here we compute the O(g 2 ) QCD correction to µ ′ in Eq. (8) . Gluon propagator is diagonal in a color space. Choosing a covariant gauge, we have
To O(g 2 ), we obtain from Eq. (8),
Tr
Using Eqs. (3) - (5) and (14) - (16), we get, after some manipulation,
The term with θ(−p 0 )D 
Substituting this forΣ F (P ) in Eq. (17), we finally obtain
is the retarded (advanced) gluon propagator;
The vacuum-sector contribution is given by Eq. (19) with N(p 0 ) = 0.
It is necessary to compute (up to O( B 2 B)) the quantity,
where T stands for F, R, or A. Introducing
we obtain using Eq. (6),
Here G (j=1,2) self comes from the diagram that includes a quark self-energy subdiagram.
For G
self + G (2) ′ , the contributions that are proportional to m 2n (n ≥ 1) has been dropped, which do not yield leading contributions.
According to Eqs. 
The quark self-energy part Σ(P ) consists of two pieces, Σ(P ) = Σ vac (P ) + Σ mat (P ).
Here Σ vac (P ) stands for the self-energy part in vacuum theory, while Σ mat (P ) is due to the existence of matter. Eqs. (19) and (20) tell us that µ
and µ
includes Σ mat (P ).
Observation on Eqs. (19) and (20)
It is not difficult to see that, both in Eq. (19) and in (20), an integration over P (with Q fixed) is free from ultraviolet divergence. Then, we introduce a Pauli-Villars regulator (with mass Λ PV ) for a gluon propagator, which makes the integrals in Eq. 
Form for µ

′
Here we display the resultant form for µ ′ ,
Summing over colors, we have for the contributions to C 1 and to C 2 from the vacuum sector and those owing to the existence of matter, in respective order,
Note that C (12)). To logarithmic accuracy, ln µ B /(3m) ∼ ln µ B /m. Nevertheless we choose ln µ B /(3m) because the baryon number of the quark is 1/3 (cf. Eq. (7)). Adding both contributions, we obtain
Several comments on the O(g 2 ) contributions are in order. To logarithmic accuracy, the contributions µ 
Resummation
As has been mentioned above, the leading contributions (28) -(31) come from µ
, for which the diagrams include Σ vac . In the region (4α s /3π) ln Λ/m ∼ 1 and/or (4α s /3π) ln µ B /(3m) ∼ 1, the expressions (28) -(31) are not reliable and an improvement is necessary through resummation of Σ vac . To this end, it is convenient to start from Eqs. (11) and (13) and, on the RHS's of them, make the substitutions
Here Σ w = Tr(P / Σ vac )/(4P 2 ), Σ m = TrΣ vac /4 and Z 2 (Z m ) is the wave-function (mass) renormalization constant,
The substitutions (37) are not made for m within e q /(4m) and for p 0 in θ(µ B /3 − p 0 ) in Eq. (13). It should be noted that we are using the Feynman gauge here.
The leading-logarithmic contributions (28) 
Thus, we obtain
Effective potential
Through standard procedure [7] , we compute the effective potential V ( µ ′ 2 ). Using
Eqs. (40) - (43), we obtain
Numerical Analysis
In this section, through the numerical analysis of the effective potential, Eqs. (44) - (46), we study the magnetic property of the quark matter. We start with two observations.
• As the renormalization scale µ R (for the running coupling constant α s (µ R ) and the running mass m(µ R )), we choose µ R = µ B . There is an ambiguity on the choice of µ R . For computing the pressure of the quark-gluon plasma (QGP) at temperature T and µ B = 0, µ R ≃ 2πT is chosen in the literature (see, e.g., [9] ). The so-called thermal mass of a zero mass quark in QGP with finite T and µ B is m th ∝ T 2 + µ 2 B /(3π 2 ). These observations suggest the choice,
• Following [10] , we identify V 2 and V 4 computed above with cutoff Λ with those renormalized at the renormalization scale µ R = Λ in QCD.
On the basis of the above observations, as a crude approximation, we choose Λ = µ B .
For the QCD α s (= g 2 /(4π)), we take the running one α s (µ B ) in the MS scheme with α s (µ B = 1.2 GeV) = 0.39. For the quark masses, we take 1-loop running masses
n f is the number of quark flavors and the quark with mass m q is counted for m q < µ B .
For the QED fine structure constant α, we take the 1-loop running one. For computing it, we have used the above-mentioned quark masses and, for lepton masses, we have used m e = 0.5 MeV/c 2 , m µ = 0.106 MeV/c 2 and m τ = 1.78 GeV/c 2 .
The relation between the baryon-number density ρ and the baryonic chemical
where "3" is the number of colors and "2" comes from the spin degree of freedom.
We do not take into account the QCD correction to the relation (48) except that the running masses have been used. The nuclear density at the center of a nuclei is ρ 0 ≃ 0.17 fm −3 . The density of neutron stars are in the range, ρ = 10
For a guide of eyes, the relation between ρ/ρ 0 and µ B is shown in Figs. 2(a) and (b), and the ratio ρ i /ρ (i = u, d, s, c) is shown in Fig. 2(c) .
Quarks
Numerical analysis shows that V 4 < 0 and
with µ Bc ≃ 0.641, 0.625 and 0.693 GeV for, in respective order, u, d and s quarks.
The forms of the effective potential in the low-and high-density regions are sketched in Fig. 3 . The system with the potential (I) is in a ferro-magnetic phase. We refer the phase described by the potential (II) to as the II phase. In the low-density region, µ B < µ Bc , the quarks are in the ferro-magnetic phase. At µ B = µ Bc , the phase transition occurs and, at high densities, the quarks are in the II phase. For making a closer investigation on the high-density region, the contribution of
should be evaluated.
In Fig. 4 , V 2 and V 4 in the region µ Bc < µ B are depicted against µ B . The values of the coefficients C 2i and C 4i (i = u, d, s) are as in the caption of Fig. 4 . At µ B = µ Bc ,
Here we mention the case with the order parameter µ We see that, for 0.6 GeV ≤ µ B ≤ 4 GeV, µ L covers the range 0.174 GeV ≤ µ L ≤ 0.969 GeV. In Fig. 5(a) , we depict the relation between them in the region 0.6 GeV ≤ µ B ≤ 3 GeV, and, in Fig. 5(b) , the ratio ρ i /ρ (i = e, µ) is shown in the region
GeV is due to the opening of the c quark channel, m c (µ B ≃ 2.9 GeV) ≃ 2.9 GeV/c 2 .
For the QED coupling constant, we take α = 1/136 and, for the lepton masses, we take the values cited at the beginning of Sec. 5. Numerical analysis shows that, in the region 0.174 GeV ≤ µ L ≤ 0.969 GeV, the leptons are in the II phase.
Summary and Outlook
In this paper, we have studied the magnetic property of the quark matter through evaluating the effective potential V ( µ ′ 2 ) for the magnetic moment µ ′ of a quark. We have found that, at low densities ρ < ρ c , the quarks are in the ferro-magnetic phase.
For the u, d and s quarks, ρ c ≃ 1.62ρ 0 , 1.47ρ 0 and 2.20ρ 0 (ρ 0 the nuclear density), respectively. At high densities ρ c < ρ, the potential barrier appears and the quarks are in the II phase (c.f. Fig. 3 ).
We have also studied the case of leptons in the region 0.174 GeV ≤ µ L ≤ 0.969 GeV (µ L the leptonic chemical potential), which corresponds to 0.6 GeV ≤ µ B ≤ 4 GeV. We have found that both e and µ are in the II phase.
We list the several points which are left for future study.
1. When more than two kinds of particles are in ferro-magnetic phases, for determining the relative direction(s) of their magnetizations, interactions between them should be taken into account.
2. Study of the quark matter at finite temperature and density. condensations, see, e.g., [10] .)
7. Computation of the effective action, which allows us to study the dynamical aspect of the system.
8. Study of nonequilibrium quark matter, which allows one to deal with the spacetime evolution of the system under a given initial data.
As the order parameter, we adopt µ ′ .
It is to be noted that if we ignore the contribution from the orbital angular momentum in Eq. (1), we obtain µ (= 2 µ ′ ) for the order parameter. 
